Full and consistent derivation of the energy spectrum and wave functions of dressed electrons in graphene Let us consider a graphene sheet which lies in the plane (x, y) at z = 0 and is subjected to an electromagnetic wave propagating along the z axis (dressing electromagnetic field). Then electronic properties of the graphene are described by the HamiltonianĤ
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where σ = (σ x , σ y ) is the Pauli matrix vector, k = (k x , k y ) is the electron wave vector in the graphene plane, v is the electron velocity in graphene near the Dirac point, e is the electron charge, and A = (A x , A y ) is the vector potential of the electromagnetic wave in the graphene plane. Solving the Schrödinger equation with the Hamiltonian (1), we can find the energy spectrum of dressed electrons and their wave functions as follows.
I. Circularly polarized dressing field
For the case of circularly polarized electromagnetic wave, its vector potential A = (A x , A y ) can be written as
where E 0 is the electric field amplitude of the wave, and ω is the wave frequency. Then the Hamiltonian (1) iŝ
whereĤ
The nonstationary Schrödinger equation with the Hamiltonian (4),
describes the time evolution of electron states in the Dirac point (k = 0). The exact solutions of the equation (6) can be sought in the form
where Φ ′ 1,2 (r) are the basic functions of the 2 × 2 matrix Hamiltonian (1), and α, A and B are the sought parameters. Substituting the wave function (7) into the Schrödinger equation (6), we arrive at the system of algebraic equations
The condition of nontrivial solution of the system (8),
gives the two different parameters, α = ±Ω/2, where
Therefore, there are two sets of solutions of the system (27), which correspond to these two parameters and satisfy the normalization condition, |A| 2 + |B| 2 = 1. As a result, there are two wave functions (7),
which exactly describe electron states of irradiated graphene in the Dirac point (k = 0). Since the two wave functions (10) are the complete function system for any time t, we can seek the solution of the Schrödinger equation with the full Hamiltonian (3) as an expansion
Substituting the expansion (11) into the Schrödinger equation with the full Hamiltonian (3),
we arrive at the system of two differential equations for the coefficients a ± (t),
where
is the characteristic kinetic energy of rotational electron motion induced by the circularly polarized field. In what follows, we will assume that the field frequency ω is high enough to satisfy the condition
Then we have
and, correspondingly, Eqs. (13) take the form
Let us seek solutions of Eqs. (16) as a ± c (t) = C ± e −i(±Ω/2∓ ω/2+ε k )t/ , where C ± and ε k are the sought parameters. Solving the system of equations (16), we arrive at
and
Following the conventional terminology, Eq. (17) describes the spectrum of quasienergies of electrons in graphene dressed by a circularly polarized field, where signs "+" and "−" correspond to conduction band and valence band, respectively. The two wave functions (11), which correspond to the two energy branches (17), can be written as
where θ is the azimuth angle of the wave vector, k = (k cos θ, k sin θ). Let us write the basis functions Φ ′ 1,2 (r) in the conventional Bloch form, Φ ′ 1,2 (r) = Φ 1,2 (r)ϕ k (r), where Φ 1,2 (r) are the periodical functions arisen from atomic πorbitals of the two crystal sublattices of graphene, ϕ k (r) = e ik·r / √ S is the plane electron wave, and S is the graphene area. Keeping in mind inequalities (15), we arrive from (19) to the sought wave functions of dressed electrons in the final form,
II. Linearly polarized dressing field
For the case of electromagnetic wave linearly polarized along the x axis, its vector potential A = (A x , A y ) can be written as
Then the Hamiltonian (1) isĤ
andĤ
The nonstationary Schrödinger equation with the Hamiltonian (23),
describes the time evolution of electron states in the Dirac point (k = 0). The exact solutions of this Schrödinger equation can be sought in the form
where α, A and B are the sought parameters. Substituting the wave function (26) into the Schrödinger equation (25) with the Hamiltonian (23), we arrive at the system of algebraic equations
The condition of nontrivial solution of the system (27),
gives the two different parameters, α = ±1. Therefore, there are two sets of solutions of the system (27), which correspond to these two parameters and satisfy the normalization condition, |A| 2 + |B| 2 = 1:
As a result, there are two wave functions (26),
which exactly describe electron states of irradiated graphene in the Dirac point (k = 0). Since the two wave functions (29) are the complete function system for any time t, we can seek the solution of the nonstationary Schrödinger equation with the full Hamiltonian (22) as an expansion
Substituting the expansion (30) into this Schrödinger equation with the full Hamiltonian (22),
we arrive at the system of two differential equations for the coefficients a ± (t), iȧ + (t) = vk x a + (t) + ivk y a − (t) exp −i 2veE 0 ω 2 sin ωt , iȧ − (t) = −ivk y a + (t) exp i 2veE 0 ω 2 sin ωt − vk x a − (t).
It follows from the Floquet's theorem that the functions a ± (t) can be written as a ± (t) = e −iε k t/ a ± (t),
where ε k is the electron quasienergy in the irradiated graphene (the energy spectrum of dressed electrons), and a ± (t) are the periodical functions with the period T = 2π/ω. Let us apply the Jacobi-Anger expansion,
to the exponents in the right side of Eqs. (32) and expand the periodical functions a ± (t) into the Fourier series a ± (t) = ∞ n=−∞ c ± n e inωt .
